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STRONG TIME-PERIODIC SOLUTIONS TO THE 3D PRIMITIVE EQUATIONS 
SUBJECT TO ARBITRARY LARGE EORCES 

GIOVANNI P. GALDI, MATTHIAS HIEBER, AND TAKAHITO KASHIWABARA 


Abstract. We show that the three-dimensional primitive equations admit a strong time-periodic 
solution of period T > 0, provided the forcing term / € Z/^(0, T; Z/^(Q)) is a time-periodic function of 
the same period. No restriction on the magnitude of / is assumed. As a corollary, if, in particular, / 
is time-independent, the corresponding solution is steady-state. 


1. Introduction 


Consider the primitive equations in the isothermal setting, i.e. assuming that the temperature 9 
equals a constant ^o- In this case, the primitive equations consist of the following set of equations 


( 1 . 1 ) 


dtv + u ■ Vv 


An + V^fTT 

= / 

in H X (0,r) 

d^TT 

= 0 

in H X (0, T) 

div u 

= 0 

in H X (0,r) 

n(0) 

= a. 



Here ft = G x {—h, 0), where G = (0, 1 )^, h > 0, and T > 0 . The velocity u of the fluid is given by 
u = {v,w) with V = (yi,V2), and where v and w denote the horizontal and vertical components of u, 
respectively. Furthermore, tt denotes the pressure of the fluid (more precisely, tt = p + Oqz, where p is 
the original pressure, z G (—h, 0)) and / a given external force. The symbol Vh = {dx,dy)^ denotes the 
horizontal gradient, A the three-dimensional Laplacian and V and div the three dimensional gradient 
and divergence operators. The above equations take into account, by scale analysis, the hydrostatic 
approximation of the Navier-Stokes equations; for more details see e.g. m, m- 
The system is complemented by the set of boundary conditions 

dzV =0, w = 0 on r„ X (0,T), 

(1.2) n = 0, ic = 0 on rf,x(0,T), 

u, TT are periodic on F; x (0,T). 


Here F„ := G x {0}, F;, := G x {—h}, F; := dG x [—h, 0] denote the upper, bottom and lateral parts of 
the boundary dft, respectively. 

The full primitive equations were introduced and investigated for the first time by Lions, Temam 
and Wang in [Min]. They proved the existence of a global weak solution for this set of equations for 
initial data a G L^. The existence of a local, strong solution with data a € was proved first by 
Guillen-Gonzalez, Masmoudi and Rodiguez-Bellido in [3]. 

In 2007, Gao and Titi [T] proved a breakthrough result for this set of equations which states, roughly 
speaking, that there exists a unique, global strong solution to the primitive equations for arbitrary 
initial data a G . Note that the boundary conditions on Fb U F; considered there are different from 
the ones we are imposing in (11.21) . Successively, in [8] Kukavica and Ziane considered the primitive 
equations subject to boundary conditions as in (lEa, and proved global strong well-posedness of the 
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primitive equations with respect to arbitrary iJ^-data. For different approaches see also Kobelkov 
and Kukavica, Pei, Rusin and Ziane [9]. 

It is worth emphasizing that, while the fundamental problem of global existence and uniqueness for 
the initial-value problem can be considered to a great extent settled, at least in the framework, other 
important issues like existence of strong time-periodic (and, in particular, steady-state) solutions to the 
primitive equations appear to be at a stage where further investigation is still required. In this regard, 
we recall that the question of whether system (HID admits time-periodic solutions was first addressed by 
Tachim Medjo There, under the assumption of “small” forcing term, existence (and uniqueness) 

of strong solutions is achieved by the classical Galerkin method. More recently, Hsia and Shiue [B] 
proved a similar result by a different method suggested by Serrin [14], again under a suitable smallness 
condition on the forcing term. Furthermore, they showed asymptotic stability of such solutions when 
the initial perturbations are sufficiently small. Notice that, as corollary, both results in HSli furnish 
existence of steady-state solutions to the primitive equations for forcing terms of restricted magnitude. 

At this point, it must be observed that the smallness assumption on the forcing term is undesired 
and, most of all, appears somehow unexpected if one compares this situation with the classical Navier- 
Stokes theory. There, even though the initial-value problem still lacks of a global existence result 
for strong solutions with initial data of arbitrary size, nevertheless the steady-state boundary-value 
problem is known to have a smooth solution for (smooth) forcing term of arbitrary magnitude since the 
fundamental work of J.Leray. However, it should be added, also in the light of the contributions 
that the achievement of a result of this type for the primitive equations does not seem to be obvious, 
at least if one uses the classical methods employed for the Navier-Stokes equations. 

The main objective of this article is to prove existence of strong time-periodic solutions to the prim¬ 
itive equations of the form (inDi,2.3 for arbitrary (time-periodic) / G L^(0, T, T^(H)), hereby without 
assuming any smallness condition on /. As a byproduct, this result provides an analogous one for 
steady-state solutions. 

As we hinted earlier on, the approach we use differs from “standard” ones, and is based on the 
following three steps: First, we construct a (suitable) weafc time-periodic solution, v, to (ll.lll i t corre¬ 
sponding to the given /, by combining classical Galerkin’s method with Brouwer’s fixed point theorem. 
Secondly, we show the existence of a unique, strong solution u to the initial-value problem (11.111 for 
arbitrary / G L^(0; T; T^(H)), and a in a subspace of by using the arguments of [5]. Finally, we 

look at u as a weak solution to the initial-value problem and employ a weak-strong uniqueness result 
of the type proved by Guillen-Gonzalez, Masmoudi and Rodriguez-Bellido in |4], which then implies 
V = u, thus furnishing the main results of this article stated as Theorem [2H and Gorollarv 12.51 

The plan of the paper is the following. In Section 2 we make some preliminary considerations and 
give the statement of our main results (Theorem 12.41 and Corollary 12.51) . In Section 3 we then show 
the existence of a weak time-periodic solution corresponding to forcing terms of arbitrary size. The 
following Section 4 is dedicated to the proof of existence and uniqueness of (an equivalent form of) the 
initial-value problem (HID for arbitrary / and a in appropriate function classes. Finally, in Section 5, 
we give the proof of Theorem 12.41 


2. Preliminaries and Main Results 

Following Lions, Temam and Wang mm and Cao and Titi [1], we rewrite the primitive equations 
given in HID subject to the boundary conditions H2D in the following equivalent form. Since the 
vertical component u; of u is determined by the incompressibility condition we have 

w{x, y,z)= / div// v{x, y, C) dC, (x, y) G G, -h < z < 0, 


^Even in the more general non-isothermal framework. 



STRONG TIME-PERIODIC SOLUTIONS TO THE 3D PRIMITIVE EQUATIONS SUBJECT TO ARBITRARY LARGE FORCES 


due to the boundary condition w = 0 on r„. The further boundary condition w = 0 on Tf, gives rise to 
the constraint 

div// V = 0 in G, 

where v stands for the average of v in the vertical direction, i.e., 

/•O 

(2.1) v( 


1 f 


Then problem (in])-(IE2l) is equivalent to finding a function v : 12 
satisfying the set of equations 


( 2 . 2 ) 


and a function n : G ^ 


Av VH'x 

= f 

in 12 X (0, T), 

w(v) 

= J^divHvdC 

in 12 X (0,T), 

div/f V 

= 0 

in G X (0,r), 

v{Q) 

= a, 



= 0 

on Tti X (0,T), 

= 0 

on r& X (0,T), 

V and TT are periodic 

on T; X (0,T). 


as well as the boundary conditions 

dzV 

(2.3) V 


The following terminology for describing the periodic boundary conditions will be useful. Let m S {0,1}. 
We then say that a smooth function / : 12 —^ K is space periodic of order m on Ti if 
5“ f 5“ f 9“ f d°‘f 

for all a = 0,..., TO. Note that we do not consider any symmetry conditions in the ^-direction. The 
Sobolev spaces equipped with space-periodic boundary conditions in the horizontal directions are defined 

b>a 


7L™j,(12) := {/ € : f is space-periodic of order to — 1 on T;}. 

Note that C'“r(^) ■= {/ ^ : f is space-periodic of arbitrary order on T/} is dense in iJ™j.(12). 

We now introduce the function spaces H, and by 

H(12) := {z; e Ll^,{n) : div ^ z; = 0} 


]HI^(12) := {z; G iLpgj.(12) : div h v = 0,z; = 0 on T;,} 


11^(12) := {z; G 11^(12) n 7L^(12)per : dzV = 0 on r„}. 

and denote its norms by || • II 2 , || • ||hC II ' IIh^j respectively. As usual, (•, •) stands for the usual scalar 
product. 

Moreover, given an interval / C K, the space C'u,(/; IH1(12)) stands for the class of functions v : I ^ 
IHI(12) such that t i-A {v{t),'>p) is continuous for all ip G 111(12). 

Finally, we say that a function / G L^(0, T; L^(12)), all T > 0, is T-periodic (T > 0) if f{t,x) = 
f(t + T, x) for a.a. (t, x) G [0, 00 ) x 12. 

Definition 2.1. Let T > 0 and / G L^(0, T; L^(12)), all T > 0. A function v : [0, cxd) x 12 —)• is called 

weak T-periodic solution to (I2.2l) i 9 .-z and (I2.3I) if 

i) z; G C'^([0,7l;H(12))nL2(o,r;IHIi(12)) for all T > 0, 


^Throughout the paper we shall use the same font style to denote scalar, vector and tensor-valued functions and 
corresponding function spaces. 
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ii) For all r > 0 and all G ([0,7]; n L2(0, T; 

[ {{v,dt(p)-{Vv,Vip) + {vVHV’,v+w{v)dzip,v)} = - f {f,ip)+{v(t),(p{t))-{v{ 0 ),ip{ 0 )), t G {0,T), 
Jo Jo 

iii) For all T > 0, alH € (0,T] and a.a. s € [0,t), 7 ; satisfies the strong energy inequality 

\Htm + 2 ri|Vi;(T)||idT<||i;(a)||i + 2 [\f{r),v{T))dT, 

J S J S 

iv) v{t + T,x) = v(T, x) for alH > 0 and a.a. cc G 11. 

A weak T-periodic solution v is called a strong if, in addition to i)-iv), it holds v G (^([O, 7^;]Hl^(n)) n 
L2(0,r;H2(fl)), dtv G LH0,T;L^{n)), for all T > 0. 

If, in particular, / G 11(11) is independent of 1 > 0, we say that Vs G 11^(11) is a weak steady-state 
solution to (1221)1, 2, a-iESl) if Vs satisfies condition ii) for all (p G IHI^(H). A weak steady-state solution is 
called strong if Vg G IHI^(ll). 

Remark 2.2. It is worth noticing that every term in ii) is well defined. This is obvious for all linear 
terms in v. As for the nonlinear ones, by Holder’s inequality and Sobolev embeddings we obtain for all 
vi,V 2 G H^{n) and all V 3 G R^(fl) 

(2.4) [ |(ui • Vif i;3,W2)| < f Il'PilbllVff i; 3||2||'C2||6 < C* / ||iii||| ||vi|||fi||i;2||Hi||V/iT 3 II 2 . 

Jo Jo Jo 

Furthermore, using inequality (93) from [I], we show that 

(2-5) f \{wivi)d^V3,V2)\<C [ \\VHVi\\2\\v2M\\v2\\]ji\\d^V3M\\d^V3\\li , 

Jo Jo 

which proves the claim. We note that the proof of the latter does not use boundary conditions for Vi, 
i = 1,2, 3, which in [I] are different than those adopted here. 

Remark 2.3. The above definition of a weak time-periodic solution is somewhat different than the 
one typically found in the literature. However, this formulation is needed when we will compare these 
solutions with solutions to the initial-value problem; see Section 4. 

We are now in the position to state the main result of this article. 

Theorem 2.4. Let T > 0 and let f G L^(0, T; 7^(H)), all T > 0, be T-periodic. Then problem 
([221)1,2.3-(ESI) has at least one corresponding strong T-periodic solution. 

The above result at once implies the following one. 

Corollary 2.5. Let f G L'^lLl). Then problem (12.2^ 1 9 - (12.3p has at least one corresponding strong 
steady-state solution. 

We emphasize at this point that, in contrast to previous known results Him, our findings do not 
require any smallness condition on f. 

3. Weak Time-Periodic Solutions 

Objective of this section is to show that the class of weak T-periodic solutions to (I2.2l) i 9 (12.31) is 

not empty under suitable assumptions on /. Precisely, we have the following. 

Proposition 3.1. Let T > 0, and let f G T^(0, T; T^(H)), all T > 0, T-periodic. Then, there exists at 
least one weak T-periodic solution to E21)i.2.3-E31) 
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Proof. Even though our definition of a weak time-periodic solution is somehow different than the one 
usually given in the literature, the proof of its existence, based on the Faedo-Galerkin method, is quite 
standard; see, e.g., [T5] . [m Chapter 4, §6.2], [3J pp. 256-260], [2]. For this reason, we shall only give 
the main arguments, referring the reader to the above papers for further details. 

Let {tfn} C ]Hl^(f2) be an orthonormal basis of IHI(r2) dense in ]Hl^(f2) and 111^(17). For example, we 
may take the eigenvectors of the hydrostatic Stokes operator in the setting (see [3 §4]). Let 

m 

Vm := y^^Cmk{t)i^kix) 


where, for all r = 1 ,..., m, 

(3.1) ■^{Vm,'(pr) = {Vm ’ '^Hf’r,Vm) + {w{Vm) dzf’r.Vm) + (Vu^, Vl/’r) + (/, V’r) ■ 

We now show a uniform bound in time on the functions Cmk{t) for /c = 1,..., m, which implies that the 
system (EU has a solution c{t) := {cmiit), ■ ■ ■, for alH > 0 and all m > 1. In fact, multiplying 

both sides of (|3.1I1 by Cmr(t), summing over r, and taking into account that by (I2.2 |) t 


(j^m ' ^ H '^m) 4“ — 0 : 


we get 

(3.2) ^JvmWl + 2\\Vvmml = 2(/,^^™). 

at 

Since Vm = 0 a-t X 3 = —h^ we have 

(3.3) \Ml < h^\\d,v,n\\l 
so that by Schwartz’s inequality and (|3.2I1 we infer 

||KI|2 + ;^IKI|2 <211/112. 

Integrating the latter from t = 0 to arbitrary f > 0 we get 

(3.4) e2*/^^||u^(t)||2 < ||u™( 0)||2 + 2 T ||/(r)||2dr , 

^0 

thus deducing the claimed uniform bound for c(i), once we observe that, by the orthonormality property 
of {ipn}, |c(f)| = ||u„(f)|| 2 . 

Next, choose R > 0 such that i?(e^‘/^^ — 1) > 2/Q^e^’’’^^^||/(T )||2 du and let the ball in R™ 
centered at the origin with radius R. It follows from (13.41) that |c(T)| = ||um(T )||2 < R provided 
|c(0)| = ||um(0)||2 < R. Thus the map 

S' : 9 c(0) hA c(r) e 


maps B)^ into itself. Since it is also continuous, we conclude by Brouwer’s theorem that for each to > 1 
there exists Um(0) such that Um(0) = Vm{T). We may then extend Vm{t) to the half-line [0, oo) to a 
periodic function of period T. Clearly, by dSH), 


(3.5) 


\Vmit)\\2 < R + ‘2 [ e^^/^''||/(T)||2dT, f > 0. 
Jo 


Moreover, from (13.211 . (13.31) and the time-periodicity of Vm{t) we see that 


rtT 


(3.6) / \\VvmiT)\\ldT<h‘^ ll/('r)||2dT, t e {0,iT),£ > 0. 

Jo Jo 

Furthermore, integrating both sides of dsu between 0 and t and using (12.41) . (12.5L (13.511 and (13.611 
we show that, for each fixed r, the sequence of functions {(um(i),i/'r)} is uniformly continuous and 
uniformly bounded. Combining this information with (I3.I|1 . (I3.5I) - (I3.6I) . using (I2.4I) - (I2.5I) . and following 
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the classical procedure (see, e.g., [2l pp- 18-20]) we show the existence of a function v G L°°(0, T ; IHI(n))n 
L^(0,T;IHI^(r2)) for all T >0 and a subsequence {vm'} such that for all T >0 

Vm' —t u weakly in L^(0,T;H^(n)), 

(3.7) Vm'(t) —t w(t) weakly in IHI(n) for alH € [0,7] , 

Vm' —tv strongly in L^(0,T;IHI(n)). 

Recalling that Vm{t + T) = Vm(T) for all f > 0, the second relation in (13.711 implies that v satisfies both 
properties i) and iv) of weak solutions. Furthermore, again by dSH) and (IX^ . we see that v satisfies 
also property hi). Finally, we integrate dSU over (0,t) and then pass to the limit (m') —>■ oo. Using 
(ITfl) and we see that 

(u(t) - ^(O), V’r) = f {V ■VH'tpr,v) + {w{v)dzll}r,v) + {Vv,Vlpr) + {f,'lpr) , 

JO 

for all r > 1. From this equation, taking into account the mentioned properties of {ipn}, again by 
classical arguments (e.g., [2j §2]) we prove that v satisfies also property ii), which concludes the proof. 

□ 


4. Existence of Global Strong Solutions to the Initial-Value Problem: 

Inhomogeneous Case 

As mentioned earlier on, the basic idea for the proof of Theorem l2.4l is to compare the weak T-periodic 
solution of ProDOsition ldUl with a strong global solution {u,p) to the inhomogeneous initial-value problem 
(|2.2|1 - (I2.3I1 . for an appropriate choice of the initial data a. As customary SIP, by “strong” we mean 
u G C'([0,T];Hi(U)) nL2(o,r;H2(U)) with dtu G Li(0,r;H(U)), and p G 7^(0,T; 77^^^)), T > 0. In 
[5], existence of such solutions has been established when / = 0. In the following proposition, we shall 
suitably adapt the arguments of [5] to prove existence of global strong solutions to (|2.2I) - (I2.3|) . when 
/ ^ 0 is prescribed in a proper function class. 

Proposition 4.1. Let T> 0 arbitrary, a G ]HI^(fl) and f G L^(0; T; 7^(U)). Then, problem (12.211 - (12.311 
has a unique strong solutions in the interval (0,7^). 

Proof. The existence of a unique strong local solution was already proved in [U Theorem 1.2]. Hence, in 
order to prove the assertion, it suffices to show that the velocity field u, of a given local, strong solution 
to the above problem, admits an a priori bound in the space (^([O, T]; IHI^(U))(~l7^(0, T; IHI^(U)). Observe 
that this will also imply the stated properties on dtU and p, since from (I2.2ll i we first readily infer 

||9tMll2 < ||r||oo||Vu|12 + ||Vu||4 + |lAull2 , HPh < W^tuh + |lu||oo||Vu|l2 + UVu]]^ -f llAull2 , 

and then use the embedding 77^(0) C C L°°{VL). 

Noticing that |1 u||h 2 < C'|]Aull 2 , in order to show the above bound, it suffices to prove that 

(4-1) \\uit)\?H^+ ( l|Au(T)|l^dT < UdlajlHi, ||/||L^(L2),r), tG[0,7l, 

do 

where ||/||l^(l 2 ) := (/q^ ||/(t) 11| dr)^/^ and 7? is a continuous function. Here and hereafter, C denotes 
a generic constant. 

In what follows, we shall closely employ the strategy of [5] and show how the main estimates obtained 
there in (6.5), (6.7), (6.9) and (6.10) modify if / ^ 0 satisfies the stated assumptions. This will be 
achieved in Steps 1-4 below, which will then lead to the proof of in Step 5. We begin to observe 
that multiplying both sides of (12.11) (written for (u,p)) by u, integrating by parts and using Schwartz 
inequality and Poincare inequality (13.31) we show 

uml + l|Vu(r)|l2 dr < lla]]^ + hWL?,(L^ 


(4.2) 


tG [0,71. 
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The functions u = ^ u dz and u := u — u fulfill the following equations: 


_ _ ~ 1 
(4.3) dfU — Ahu+ y HP = f — u ■\/u — — / (u-V hu-\-Ayv huu) dz ——Uz\tk 

h J_i^ h 

divHU = 0 


in G, 
in G, 


with Uz ■= dzU, as well as 

(4.4) dtu —Au + u-Vhu + u^Uz + u-V hu = f- u-Vhu+t / (u-V hu + Awhuu) dz+—Uz\rb in 


Step 1: Equation (14.31) implies 

dt\\V HW)\\h{G)+ \\^H^\l2^G) + W'^HPWI^G) 

< Ci(|||zZ||Vhu|||1.(c) + |||«||Vhu|||" + ||^^z||i.(r,) + ll/lli). 

Therefore, if / ^ 0 estimate (6.5) in is replaced by 

9t||VHu|||2((5) + ||Vhp||| 2((5) < CdlwIU + ||u||2)(II''^IIlL1 + II IL2((5) 

+ ^ll^^^z|li2(G) + C'(l + ||m|| 2 + l|w||2)ll'w||_ui^ + Cll/ll^- 

Step 2: Multiplying (j2.2p by —dzUz and integrating by parts leads to 

^dt\\uz\\l +WVuzWl^^Q'f = - J VHP-Uz\r,,-J {uz-Vhu)-Uz+ j div huUz ■ Uz - J f ■ dzUz- 

Therefore, by using Cauchy-Schwartz inequality in the latter and proceeding as in [2, we obtain that 
equation (6.7) in [5] generalizes to the following one 

dtWuzWl + WVuzWl < G (llull^i + ||u||?,i)||u.||^ + IwVHPWh^G) + 2C2|||u||Vu|||^ + C(||u||^i + ||/||i). 

Step 3: Equation (14.41) implies 


-9t||u||4 + 2 Il^l^ni 2 + I|l^ll^“l|l 2 ^ “ / (■“ ■ Hu) ■ \u\^ '“"*“77 / / {u-'^hu + div huu) dz 

t/ O J J — fz 


luP u 


+ ^ / Uzlvt ■ \u\‘^u+ I f ■ |upu. 


The last term on the right-hand side is bounded by ||/|| 2 |||mP|| 2 - We see moreover that 




< c'iiiunr^U(a) < ciiHif (11HI2+11VNI2) 
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where we have used the embedding (f2) ^ L^(ri) and an interpolation inequality. It then follows 

that 

/ f-\^^u<c\\f\m\i + c\\f\m\T 

JQ 

< + C'll/ll2Nl4 + C'llull^ + CII/ 1 I 2 

< i||V|up||^ + CWfWlMt + C\\u\\hi^ + c\\fh. 

Therefore, estimate (6.9) in [5] is now replaced by 

^dtM\ + C 3 |||Si||VlI|||^ < C(||ir||^/f + \\u\\h^ + Ml, + WfWl) Mt + IwvuM + c\\u\\j,, + c\\fh, 

where C 3 := 2(Ci + 2(72). 

Step 4’ Combining Steps 1-3, we see that estimate (6.10) in [5] is now being replaced by 

i9t(8||Vffu||^2(Q) + lluzill + ^||u||4) + 2 + Il^^2ll2 + C'sIIImIIVj/mIII^) 

< K,it){8\\VHu\\h^G) + Ml + (Cs/mmt)+M), 

where, thanks to 63), the functions Ki and K 2 given by 

K,it) := C(1 + hlh + ||«||^)(|k||^/f + IhllH^ + \\u\\j,^ + WfWl), 

K 2 {t) := c(i + hii^ + \\u\\t)\\urm+ciwfh + ml), 

are integrable on [0,T]. We thus conclude by Gronwall’s inequality that 

(4.5) \\VHu{t)h^G) + \Mt)h + Mt)\W + J^ {W^HPWh^G) + W^ml + ||H|Vu|||J) dr 

must be bounded by some Bi (II«IIh 1 ) ll/llL^(L 2 ),r) for all t G [0,r]. 

Step 5: Following the estimates in Step 5 of [5], we obtain now 

a*||V«||i + ||Au||2 < C\\uA\l\\Vum\\Vu\\l + C(||zZf^.(c) + Mt)Mm + CWfWl 

where, thanks to (14.211 and to the estimate for (14.511 . 

CIIW 2 II 2 II Vu 2||2 and C'(||'«||^i(e) + ||m||4)||u||^i + (7||/||2 

are integrable on [0,7^. Thus, Gronwall’s inequality yields the desired estimate (14.11) . The proof is 
complete. □ 

5. Weak-Strong Uniqueness and Proof of the Main Result 

In this final section we give a proof of Theorem 12.41 based on a weak-strong uniqueness argument for 
the initial-value problem. 

More precisely, given / G L^(0, T; L^(U)), let t be a weak T-periodic solution corresponding to 
Proposition 13.II By properties i) and iii) we infer that there exists to > 0 such that v{to) G 11^(12) and 
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while from ii) we deduce that, for arbitrary T > 0, the following relation 

(5.2) f {{v,dt(p) - {Vv,Vip) - {vVhv+ w{v)d^v,(p)} = - f {f,(p) + {v{t),(p{t))-{v(to),(pito)) 

^to Jto 

holds for all t G {to, T] and all (p £ T]; El^(n)) nL^(0, T; Note that in (15.21) we have used 

the identity 

(5.3) {v-V H (jj + w{v) dz4>,v) =—{v ■+ w{y) d,^v,4>), (v, 0) G 11^(12) x 111^(12), 

which follows by integration by parts. 

We now look at our weak time-periodic solution as a weak solution to the initial-value problem with 
initial data a = v{to). Since u(to) G ]HI^(n) we may use it also as initial value for the global strong 
solution determined in Proposition 14.11 The assertion of Theorem 12.41 follows provided we are able to 
show that the weak solution coincides with the strong one. 

As a matter of fact, such a weak-strong uniqueness result is already known, under slightly different 
boundary conditions; see [H Theorem 1.3]. The arguments used there would equally apply to the case 
at hand. Nevertheless, we shall sketch a proof here. To this end, let u be the velocity field of the strong 
solution determined in Proposition |4T] corresponding to / and initial data v{to)- Clearly, u satisfies 

(5.4) f {{u,dt(p) - {Vu,V(p)-\-{u-VH^-\-w{u)dz(pju)} = - f {f,(p)-\-{u{t),(p{t))-{v{to),(p{tQ)), 

Jto Jto 

for all t G {to,'T\ and all p. In addition, thanks to the regularity properties of u, we see that 


(5.5) 
Next, let 




'to 


||VM(r)||^dr = ||u(to)||2+ 2 / {f{T),u{T))dT, t > to- 

Jto 


Vh{t) ■■= / jh{t - s)v{s) ds and Uh{t) := / jh{t - s)u{s) 
Jo Jo 


ds 


be the (Friedrichs) time-mollifier of v and u, respectively, where jh G C^{—h,h), 0 < h < T, is even 
and positive with J^jfi{s)ds = 1. Then, as is well known. 


■j- 

lim,,^o/o lk/i(T) -^^('r)llHi 


= 0 , 


< esssup ||u(t)|| 2 , and 
te[o.,T] 


ess sup \\vh{t )\\2 

(5 6) te[o.Tl 

lim,i^o/o^ ||u/i(r) - u(r )||^2 =0, esssup ||u/i(t)||//i < esssup ||u(t)||Hi. 

te[o,Ti 


te[o,T] 


Moreover, 

(5.7) 


/ {v, dtUh) = - {u, dtVh ), 

Jto Jto 


while the weak continuity of v and u implies 


(5.8) 


\im{u{t),Vh{t)) = lim{uhit),v{t)) = Uu{t),v{t )), t > to- 


h^O 


/i-s-0 


Finally, setting a := v — u, by integrating by parts we get 

(5.9) {a ■ VH u + 'w{a)dzU,u) = 0 , cr G ]HI^(f2). 

We now replace p in (15.211 by Uh, then use (15.311 with v = u and (j) = p in (|5.4I1 and replace in the latter 
phy Vh- Summing side by side the resulting equations and employing (I2.4|l . (I2.5|l . (15.611 . (15.811 and (15.911 
we show that 
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Adding twice (I5.10|l to ()5.ip and (15.511 we infer 


lk(0ll2 + 2 [ ||V(T(T)||2dr < 2 / {(cr(r) • Vhct(t) + u;(cr)9^tT(r),'u(r))}dT. 

t/ 0 ^ tQ 

In order to estimate the above right-hand side we use (|5.3p and (1^ . (1^ with vi = V 2 = cr and V 3 = u, 
respectively, and Poincare’s and Young’s inequalities to deduce 


|k(t)||i + 2r||Va(r)||idr 

Jto 



where ^(r) := ||V// ■u(t) II 2 -|- |kzM(r)||2||92'u(T)||^i. By the regularity properties of u it follows that 
g € L^(to,t) for arbitrary t > tg, so that by Gronwall’s lemma we conclude that 


a = V — u = 0 a.e. in 17 x {tg, t) for all t > tg. 


By the time-periodicity of v this proves the desired regularity for v. The proof of the Theorem 12.41 is 
complete. 
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